
Chapter 3. POPULATION DISTRIBUTIONS 
 
 Frequency distributions constructed from a sample such as the sugarbeet example of Chapter 2 
represent only a portion of a much lager population of sucrose concentrations.  If the entire population 
could be observed, the frequency distributions would be the true population distribution.  Therefore, a 
population distribution is the distribution of all possible values and their frequency of occurrence.  The 
nature or shape of the distribution depends on the kind of variable involved and whether it is discrete or 
continuous as well as on other characteristics. 
 
 This chapter will introduce three basic distributions important in agricultural research:  the 
binomial, poisson, and normal distributions. 
 
3.1 Binomial Distribution 
 
 Many practical problems deal with discrete variables (counts) in which a proportion, p, of the 
variates have a certain characteristic and a proportion, q = 1 - p, of the variates do not have it.  This is a 
so-called binomial population since each variate in it falls into one of only two classes.  Examples of 
such situations are the number of seeds in a sample that germinate or do not germinate, the percentage of 
plants in a field that are diseased or healthy, or the number of animals in a herd that die or live after 
exposure to a certain disease. 
 
 Suppose it is known that the resistance of plants to a certain disease is governed by a single 
recessive gene.  Then based on Mendelian theory one quarter of the offspring of across between two 
heterozygous parents will be resistant.  In a large sample resulting from many such crosses, on the 
average the proportion of resistant individuals will approach 0.25.  Thus, if we randomly select an 
individual from this population, the probability of this individual being resistant is 0.25.  If we denote 
this probability as p, then the probability of a plant not being resistant is 1 - p, or q and equals 0.75. 
 
 If we know p and q we can evaluate the probability for the occurrence of any number of resistant 
plants in a specific sample.  For a sample of 10, the number of resistant plants can be 0, 1, 2... up to 10 
and their corresponding probabilities are the binomial distribution.  For example, the probability of 4 
resistant plants in 10 is: 
 

 (10
4 ) • (0.25)4 • (0.75)6 = 0.146 

 
This calculation can be derived by the following reasoning.  The probability that one possible sequence 
of ten randomly selected plants contains exactly four resistant individuals is: 
 

(0.25) • (0.25) • (0.25) • (0.25) • (0.75) • (0.75) • 
(0.75) • (0.75) • (0.75) • (0.75) =  
(0.25)4 • (0.75)6 = 0.00069523 

 
However, we really want all possible sequences of 4 resistant plants out of ten, which can be denoted by 

the expression (10).  Mathematically, the number of sequences or combinations are calculated by 4
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Therefore, the probability of all possible ways of obtaining four resistant plants out of ten is the product 
of the number of possible sequences by the probability of each sequence. 
 
 In general, the probability of obtaining r resistant plants out of n plants is: 
 

     P r n
r p qr n r( ) ( )= −

 The probability of all possible resistant plants is given by successive terms of the binomial 
expansion, (p+q)n.  for a sample of 5 plants, the probability of obtaining 0 to 5 resistant plants 
corresponds to: 
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Table 3-1 presents these calculations. 
Number of 

Resistant Plants 
(r) 

 
Probability 

P(r) 

0 P(0) = ( ) • (.25)5
0

0 • (.75)5 = 0.237 

1 P(0) =  ( ) • (.25)5
1

1 • (.75)4 = 0.395 

2 P(1) = ( ) • (.25)5
2

2 • (.75)3 = 0.264 

3 P(3) = ( ) • (.25)5
3

3 • (.75)2 = 0.088 

4 P(4) = ( ) • (.25)5
4

4 • (.75)1 = 0.015 

5 P(5) = ( ) • (.25)5
5

5 • (.75)0 = 0.001 

 
 These binomial probabilities are graphically illustrated by the histogram of Figure 3-1. 
 
 
 
 
 



 

 
 

Figure 3-1.  Histogram for (p+q) when p = 0.25 and q = 0.75. 
 
 The mean of a binomial distribution is,   = np, and the standard deviation is 
 
 σ = npq .  In the above case, μ = 5(0.25) = 1.25 and 

 σ = =5 0 25 0 75 0 938( . ) ( . ) . .  
 
 Probabilities for various r and p values are given in Appendix Table A-2. 
 
 As the values of p and q approach equality, i.e., p = q = 1/2, the histogram for any value of n 
approaches symmetry about the vertical line erected at the mean.  The total area under the histogram is 
always equal to 1.  When n is large, calculations using the binomial expansion become tedious and one 
uses tables which have been prepared for selected values of p and n, or obtains approximate 
probabilities by use of the normal curve, a procedure which will be discussed later. 
 

 
 

Number of Occurrences 
Figure 3-2.  Histograms for (q+p)5 when p = 1/10 and p = 1/2. 

 



3.2 Poisson Distribution 
 
 In many applications we study rare events, i.e., p or q is very small, less than 0.1.  To observe 
such an event, a large sample must be taken.  The computation of the probability of the event is not 
feasible from the binomial formula.  For example, to compute the probability of two occurrences (r=2) 
each having a probability of 0.02 in a sample of 300 (n=300) requires the following calculation: 
 

  ( ) ( . ) ( . )300
2 0 02 0 982 298•

 
 A different method for calculating such probabilities was described by S. D. Poisson (1781-
1840) in 1837.  The probability of r occurrences from a very large sample is: 
 

P(r) = e-   r!          for          r = 0 , 1 , 2 , 3 ...., 
 
where e = 2.71828, the base of the natural logarithm and μ = np.  By this formula the probability of two 
occurrences, each having a probability of 0.02, from a sample of 300 is 
 

P(2) = μ2/2! • (2.718)-   where μ = 300 (0.02) = 6. 
 
Thus P(2) - 66/2! • (2.718)-6 = 0.04462. 
 
The Poisson distribution is presented in Appendix Table A-3. 
 
 For the Poisson distribution, as p approaches 0 (or as q approaches 1) the variance (σ2 = npq) 
approaches np.  Therefore σ2 approaches μ. 
 
 Suppose a researcher knows from experience that irradiated rice seeds exhibit on the average a 
mutation rate of 0.5%.  If 100 seeds are irradiated, the probabilities of finding 0, 1, 2, ... mutant plants 
are shown in Table 3-2. 



  Table 3-2.   Probability of finding mutated rice plants in 100 irradiated seeds,  
          where the average mutation is μ  = 100(0.5%) = 0.5. 
 

Number of Mutants 
(r) 

Probability 
P(r) 

P(0) = (0.50/0!) • e-0.5 = 
0.60653 

0 

P(1) = (0.51/1!) • e-0.5 = 
0.30327 

1 

P(2) = (0.52/2!) • e-0.5 = 
0.07582 

2 

P(3) = (0.53/3!) • e-0.5 = 
0.01264 

3 

P(4) = (0.54/4!) • e-0.5 = 
0.00158 

4 

P(5) = (0.55/5!) • e-0.5 = 
0.00016 

5 

.  .       .       

.  . .       

 
These Poisson probabilities are graphically illustrated in Figure 3.3. 

 
 

 
Figure 3-3.Histogram of probabilities of obtaining various numbers of mutants from a Poisson 

distribution with μ = 0.5 and n = 100. 
 
 From the above example, the chance of obtaining at least one mutant from 100 treated seeds is, 1 
- P(0) = 1 - 0.60653 = 0.39347, which may be too small to be worthwhile.  to increase the possibility of 
obtaining mutants, one must increase the number of seeds treated.  In the above example if 200 seeds are 
irradiated, then μ = (200) • (0.005) = 1.0.  Now the probability of obtaining no mutants is P(0) = 
0.36788 (see Appendix Table A-3).  Therefore, the chance of getting at least one mutant is 1 - 0.36788 = 
0.63212, much greater than when only 100 seeds are treated.  This illustrates the necessity for a large 
sample if a rare event is to be observed. 



 
 Conversely, one can use this approach to determine an adequate sample size for a required 
probability of observing at least one rare event.  Note that 
 

1 - P (at lest one occurrence) = P(0) = e-np 
or 

n = 1n P(0)/ -p 
 
where p is the probability the rare event will occur in one trial, and P (at least one occurrence) is the 
required probability to observe at least one rare event in a sample of n trials. 
 
 From the above mutation example, p = 0.5% and if the desired probability of observing at least 
one mutation of "n" treated seeds is 0.8, then 
 

n = 1n (1 - 0.8)/-.005 = 332 
 
Therefore 322 seeds must be treated to have a 80% chance to obtain at least one mutation. 
 
3.3 Normal distribution 
 
 Many continuous variables in the field of biology are distributed in a way that is referred to as 
"normal".  The normal distribution is a bell shaped curve, is symmetrical about the mean, and is 
represented by the following equation. 
 
 f Y e Y( ) [ ]/( ) /= − −μ σ σ

2 22 2 π 
 
Here f(Y) is the relative frequency of occurrence of any given variation, Y; μ and σ2 are the mean and 
variance respectively; π = 3.143159 ... and e = 2.718 ...  Any normal distribution is characterized by two 
parameters, μ and σ.  The mean determines the location of the distribution on the horizontal axis, and 
the standard deviation determines the shape or the amount of spread among the variates.  Four different 
normal distributions are illustrated in Figure 3-4. 

 

 
 

Figure 3-4.  Four normal distributions in which μc =  D > μA = μB and σA = σC > σB = σD. 
 
 Regardless of the location and shape of a normal curve, 95% of the variates in the populations 
are within μ ± 1.96σ, and 99% are within μ ± 2.576σ.  Certain areas under a normal curve are shown in 
Figure 3.5. 



 
 

Figure 3-5.  Areas under a normal curve. 
 
 The normal distribution is the most important distribution used in the development of statistical 
inferences.  There are three reasons for this.  First, numerous variables follow a pattern of variation that 
can be closely approximated by the normal distribution.  Some examples are the yields of a crop from 
plots of a given size and shape; the body weight gain of animals treated alike; the cholesterol level of 
cheeses manufactured by a company; the sucrose concentration in sugar beet roots of a particular 
variety, etc.  Second, the distribution of means of samples taken from a population tend to be normally 
distributed even though the individual variates of the populations are not.  Last, the normal distribution 
is an excellent approximation of many other distributions, such as the binomial and Poisson distributions 
when sample size is large. 
 
3.4 Standard Normal Distribution 
 
 The special normal distribution with mean 0 and standard deviation 1 is called the standard 
normal distribution.  This special distribution can be derived from any normal distribution by 
standardizing the normal variate (Y) into a deviate (Z) where 
 
 Z = (Y - μ)/σ   (See Figure 3-6.) 



 
 
 

Figure 3-6.Conversion of a normal distribution to the standard normal distribution where μ = 0, σ = 1. 
 
 Based on this relationship the probability of drawing any normal variate can be determined by 
converting it to a Z value and referring to the standard normal probability curve.  Areas under this curve 
to the right of a given Z-value are tabulated in Appendix Table A-4. 
 
 Assuming that a population of the percent sucrose of sugar beets is normally distributed with a 
mean of 12.2% and a standard deviation equal to 2.26%, what is the probability of a given sugar beet 
having a sucrose concentration greater than 10% and less than 14%?  We can state the problem 
mathematically as follows: 
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This is equivalent to finding the probability that Z is between -0.97 and 0.80.  The probability of this 
occurrence is shown in the following figure: 
 
 
 
 



 

 
 
 
 
To obtain this probability from Appendix Table A-4, we proceed as follows: 
 
 (i) Find area A, the probability that Z is greater than 0.80.  From the table, when Z = 0.80, A = 
0.2119. 
 

 
 
 (ii) Find area B, the probability that Z is less than -0.97.  Because the distribution is symmetrical, 
this probability is the same as when Z is greater than 0.97.  From the table, when Z = 0.97, B = 0.1660. 
 
 



 
 
 
 
 (iii) Find the area (1 - A - B) which is equal to ( 1 - 0.2119 - 0.1660) = 0.62.  Thus the 
probability is 62% that a randomly drawn sugar beet from this population will  have a sucrose content 
between 10% and 14%. 
 

SUMMARY 
 
1. Binomial Distribution. 
 
 (a) Characteristics of a binomial population. 
 
  (1) Only two possible outcomes from any one trial or experiment, and these outcomes 

are mutually exclusive. 
 
  (2) Outcomes of successive trials are independent. 
 
  (3) The probability p of the occurrence of an event in a single trial remains constant 

for all trials. 
 
 (b) The probability of exactly r occurrences in n trials is 
 

  P r  
n
r q pn r r( ) ( )= −

 
 (c) All possible outcomes in n trials are given by successive terms of the binomial 

expansion, i.e., 
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 (d) Any distribution which has its frequencies proportional to successive terms of the 

binomial expansion is a binomial distribution. 
 



 (e) For a binomial distribution μ  = np and   = σ = npq .  
 

 (f) Appendix Table A-2 gives probabilities of binomial distributions with various 
values of n and p. 

 
2. Poisson Distribution. 
 

 (a) If n is large and  μ = np is fairly small, say, less than 5, the Poisson distribution 
provides a good approximation to the binomial distribution. 

 
 (b) The probability for exactly r occurrences of an event in the Poisson distribution is 

given by: 
 

P(r) = e-   r/ r! 
 

 (c) the only parameter in the Poisson formula is np which is equal to both the mean   
μ and the variance σ2. 

 
 (d) The Poisson distribution is discrete and is used not only to approximate the 

binomial distribution but is also applicable in such problems as random sampling 
of organisms in some medium, insect counts in field plots, the number of noxious 
weed seeds in seed samples, and where independent and isolated events are 
distributed randomly over time and space. 

 
 (e) Appendix Table A-3 gives values of the cumulative Poisson distribution for 

various values of np. 
 
3. Normal Distribution. 
 

 (a) Any general normal distribution with mean   and standard deviation   can be 
converted into the standard normal distribution with mean 0 and standard 
deviation 1 by means of the transformation: 

 

    Z Y
=

− μ
σ

 

 
 (b) For a normal distribution, to find the probability that any value of Y' exceeds a 

given value Y, proceed as follows: 
 

  P Y Y P Z Y P Z Y P Z Z( ' ) ( ' ) ( ' ) ( '≥ = + ≥ = ≥ )−
= ≥μ σ

μ
σ

 

 
  Using this value of Z the corresponding probability can be found from Appendix 

Table A-4. 
 
 (c) For a given probability P' the corresponding value of Y, such that P(Y'  Y) = P'. 
 

 (i) From Appendix Table A-4 find the value of z corresponding to the given 
value of P'. 



 
 (ii) From the relationship Y = μ  + Zσ, find Y. 
 
 

EXERCISES 
 
1. If the percent germination (probability of germination) of a certain seed is listed as 90%, how 

many plants would one expect to obtain out of 500 seeds planted? (450) 
 
2. If the probability that it will rain on any particular day is 1/3, what is the probability during a 5-

day period that it will rain (a) on at least 3 days and (b) on the first 3 days and not on the other 2 
days? (51/243, 4/243) 

 
3. Records show that 3 out of 10 animals die from a certain disease.  Of 5 animals with the disease, 

what is the probability that 
 
 a) exactly 3 will die?     (1323/10,000) 
 b) the first 3 will die and the next 2 will recover? (1323/100,000) 
 c) the first 3 will die?     (27/1,000) 
 d) more than 3 will die?     (1539/50,000) 
 
4. In a paired taste test where in each trial a taster has two samples, one of which contains more 

sugar, placed before him, what is the probability that he will identify by chance, the sweeter 
sample 5 or more times in 8 trials?  What is the probability that he will be correct in all 8 trials? 

         (93/256, 1/256) 
 
5. It is known that only 60% of the seeds of a wild plant germinate.  What is the probability that out 

of 6 seeds planted, there will be 4 or 5 that germinate? (0.4977) 
 
6. A survey of microcomputer owners suggested that about 40% of the microcomputers are IBM 

compatible machines.  If the survey is correct, what is the chance that you will find one or more 
IBM compatible personal computers among 12 microcomputer owners? (0.9999) 

 
7. If the true process average of defectives (proportion defective) is known to the 0.01, find the 

probability that in a sample of 100 articles there are (a) no defectives, (b) exactly two defective 
articles, (c) fewer than 5 defectives, (d) at least 5 defectives (i.e., 5 or more). 

         (.368, .184, .996, .004) 
 
8. A pump has a failure, on the average, once in every 5,000 hours of operations.  What is the 

probability that (a) more than one failure will occur in a 1,000-hour period; (b) no failure will 
occur in 10,000 hours of operation?    (.018, .135) 

 
9. The output of a certain manufacturing process is known to be 5% defective.  In a random sample 

of 4 items, what is the probability of 
 
 a) no defective item;     (0.819) 
 b) exactly 2 defective items;    (0.018) 
 c) two or more defective items?    (0.001) 
 
10. In a binomial distribution where n = 100 and p = 0.1, what are the values of μ  and σ? (10, 3) 



 
11. The mortality rate for a certain disease is 5 deaths per 1,000 cases.  In a group of 360 cases of 

this disease, what is the probability of 
  
 a) 3 or more deaths;     (0.269) 
 b) exactly 3 deaths?     (0.160) 
 
12. A purchaser will accept a large shipment of articles if in a sample of 1,000 articles from the 

shipment there are at most 10 defective articles.  If the entire shipment is 0.5% defective, find the 
probability that the shipment will not be accepted.  (0.014) 

 
13. The mortality rate for a certain disease is 7 per 1,000.  What is the probability of just 5 deaths 

from this disease in a group of 400?    (0.087) 
 
14. As a rule 1/2% of certain manufactured products are defective.  What is the probability that in a 

lot of 1,000 items there will be 10 or more defective? (0.032) 
 
15. If the drained weights of canned peaches follow a normal distribution with  μ = 19.0 ounces and 

a standard deviation σ = 0.2 ounce, what is the probability of a can selected at random having a 
drained weight (a) between 19.1 and 19.2 ounces, (b) between 18.7 and 19.1 ounces, and (c) less 
than 18.8 ounce?      (0.1498) (0.6247) (0.1587) 

 
16. In a packing plant grading Satsuma plums whose weights are normally distributed, 20% are 

called small, 55% medium, and 15% large and 10% very large.  If the mean weight of all 
Satsuma plums is 4.83 ounces with a standard deviation of 1.20 ounces, what are the lower and 
upper bounds for the weight of Satsuma plums graded as medium? (3.82 < X < 5.64) 

 
17. A group of 200 steers is taken from a population with a mean weight of 804 pounds and a 

variance of 10,000 pounds2.  If the weights of the steers are normally distributed, how many 
steers would you expect to have a weight over 1,000 pounds? 

 
18. The weight of grapefruit from a large shipment averages 15.00 ounces with a standard deviation 

of 1.62 ounces.  If these weights are normally distributed, what percent of these grapefruit would 
be expected to weigh between 15.00 ounces and 18.00 ounces? (46.78%) 

 
19. It was reported by a certain state that on 150 farms the recorded average wheat yield was 16 

bushels per acre with a standard deviation of 5 bushels per acre.  If these yields follow a normal 
distribution, how many farms would be expected to have reported yields between 18 and 20 
bushels per acre?     (20) 

 
20. Given that Y is normally distributed with mean 10 and P(Y > 12) = 0.1056.  What is the 

probability that Y will fall in the interval 6 to 14? (0.9876) 
 
21. Inside diameters of steel pipes produced by a certain process are normally distributed with μ  = 

10.00 inches and σ  = 0.10 inches.  Pipes with inside diameters beyond the range of 10.05 + 0.12 
inches are considered defectives. 

 
 a) What is the probability that a pipe produced will be defective? (0.2866) 

 



 b) If the process is adjusted so that the inside diameters will have  μ = 10.10 and  σ = 0.10 
inches, what is the probability that a pipe produced will be defective? (0.2866) 

 
 c) If the process is adjusted so that the inside diameters will have μ  = 10.05 and σ  = 0.06 

inches, what is the probability that a pipe produced will be defective? (0.0456) 
 
 

 
 


